Abstract-We consider a general selection-diversity scheme in which the kth best link is selected from a number of links. We use extreme value theory to derive simple closed-form asymptotic expressions for the average throughput, effective throughput, and average bit error probability for the kth best link over various channel models that are widely used to characterize fading in wireless communication systems. As an application example, we consider the Weibull fading channel model and verify the accuracy of the derived asymptotic expressions through Monte Carlo simulations.
where s is the complex valued symbol transmitted with (normalized)
power ρ, w is the circularly symmetric additive white Gaussian noise (AWGN) with zero mean and unit variance and h (N −k + 1) is the flat fading channel gain of the k-th best link for k = 1, 2, ..., N .
Then, the instantaneous SNR at the receiver side is ρX (N −k + 1)
where X (N −k + 1) = |h (N −k + 1) | 2 and we assume the ordering
.. ≤ X (N )
. According to [1] , the probability density function (PDF) of X (N −k + 1) can be expressed in terms of the PDF, f (x), and cumulative distribution function (CDF), F (x), of X i as
Let R i = B log 2 (1 + ρX i ) denote the instantaneous throughput of the i-th link; then R (N −k + 1) represents the instantaneous throughput of the selected link and can be evaluated as
where R (1) ≤ R (2) ≤ .... ≤ R (N ) and B is the system bandwidth.
Therefore, the average throughput of the selected link, E R (N −k + 1) , can be evaluated as
Assuming a block fading channel, the effective throughput that can be supported by a wireless system under a statistical QoS constraint described by the delay QoS exponent ζ is given by [9] 
where R is a random variable which represents the instantaneous throughput during a single block and T is the block length. ζ = 0 implies there is no delay constraint and the effective throughput is then the ergodic (average) throughput of the corresponding wireless channel.
Considering the k-th best link selection scheme, the effective throughput of the selected link, α(θ, k, N ), can be expressed as
where θ = ζT and the expectation is taken over the distribu-
, as stated before.
In general, it is difficult to obtain closed form expressions for E R (N −k + 1) and α(k, θ, N ) over various fading distributions. Therefore, in this paper, we consider another approach based on extreme value theory to analyze the average throughput and effective throughput over Weibull, Gamma, α − μ and Gamma-Gamma fading channels.
III. THROUGHPUT ANALYSIS
In this section, we combine the results from Sections 10.5 and 10.6
(distribution of the k-th extreme) of [1] in the following Proposition. We use this Proposition to derive the limiting distribution of the throughput of the k-th best link and to evaluate the average throughput and effective throughput.
Proposition 1 [1] : Let Z (N ) denote the largest order statistic of
, where a N and b N are normalizing constants, has a limiting CDF, G(z), then, for a fixed k and N → ∞, the limiting CDF of
is of the form
Equivalently, the sequence
converges uniformly in distribution to a random variable Z, where the CDF of Z is as in (7). 
Furthermore, the normalizing constantsã N andb N can be determined from the CDF of X i as [13] 
where
It was shown that the CDFs of Exponential, Gamma and Weibull distributions [13] , α − μ [17] and Gamma-Gamma [18] satisfy the conditions of [13, Lemma 1] . Consequently,
has a limiting distribution as expressed in (8) . The normalizing constantsã N andb N for the distributions of interest are tabulated in Table I .
Recall that R i = B log 2 (1 + ρX i ) is the instantaneous throughput of the i-th link, where X i can be modeled as one of the distributions referred to above. The limiting throughput distribution (LTD) Theorem 
of [13] provides a simpler approach to investigate the instantaneous throughput of the best link, R (N ) . The LTD Theorem indicates that the CDF of R i = B log 2 (1 + ρX i ) also satisfies the conditions of [13,
Lemma 1] and states that the sequence
converges uniformly in distribution to a normalized Gumbel random variable with CDF,
, as in (8) . The normalizing constants a N and b N associated with
While we focus next on the case where X i can be modeled as Exponential, Weibull, Gamma, α − μ and Gamma-Gamma to derive the average throughput, effective throughput and average BEP for the k-th best link, it should be noted that the following derived results are valid for any random variable X i whose CDF satisfies the conditions of [13,
A. Average Throughput
The LTD Theorem states that the sequence
converges in distribution to a normalized Gumbel random variable. Using this and Proposition 1, we characterize the limiting distribution of the throughput of the k-th best link, R (N −k + 1) , in the following proposition.
Proposition 2: For a fixed k and N → ∞, the sequence
converges uniformly in distribution to a random variable X with CDF given by
Furthermore, the average throughput can be approximated as
where ψ(x) is the digamma function.
Proof: The sequence
converges uniformly in distribution to a normalized Gumbel random variable with CDF G(x) = e −e −x , −∞ < x < ∞, where a N and b N are as defined in (11) and (12), respectively. Using Proposition 1, it follows that for a fixed k and N → ∞, the sequence
converges uniformly in distribution to a random variable X with CDF G (k ) (x) as expressed in (13).
To prove (14) of Proposition 2, we first prove the following Lemma in the Appendix.
Lemma:
If
converges in distribution to a random variable X whose CDF as expressed in (13) then for any positive real number p, we have 
It follows from this Lemma that for p = 1, E
, for a fixed k and N → ∞. Therefore, the average throughput can be approximated as
As special case, if k = 1, ψ(1) = −γ (Euler's constant) and thus E R (N ) ≈ a N + γb N , which is exactly the same expression derived in [13] . Since ψ(k) > 0, for k > 1 and integer k, it follows
It should be noted that the result in Proposition 2 can be used to evaluate the outage throughput of the k-th best link. Given a rate R 0 , P o u t (R 0 ) can be approximated as
where G (k ) (x) is as expressed in (13).
B. Effective Throughput
In this section, we use the result from Proposition 2 to analyze the effective throughput of the k-th best link as in the following proposition.
Proposition 3:
The effective throughput of the k-th best link, α(θ, k, N ), can be approximated as
for fixed k, θ > 0 and N → ∞, where Γ(·) is the gamma function.
Proof: Invoking (6), the term E e −θ ln (2) t , x ≥ 0 and t ∈ (−∞, 0); we have ( 2) .
Since X i is non-negative random variable and it can be modeled as Exponential, Weibull, Gamma, α − μ and Gamma-Gamma, it follows
for all t ∈ (−∞, 0). Therefore,
for a fixed k and N → ∞. Substituting (21) in (6) we reach (18) . It is interesting to observe that if θ → 0, the effective throughput in (18) becomes the average throughput in (16) . In order to show this, we apply L'hospital's rule and use
IV. ASYMPTOTIC AVERAGE BIT ERROR PROBABILITY
We consider a general class of modulation schemes whose conditional BEP, P e , is given by [2] 
where C and g are positive constants and Y is a random variable which represents the instantaneous received SNR. The average BEP, P e , can be expressed as
Considering the k-th best link selection scheme, the instantaneous received SNR is Y = ρX (N −k + 1) , as stated earlier. Therefore, the average BEP of the k-th best link is P e = CE e −g ρX ( N −k + 1) . Using the fact that the sequence
converges in distribution to a normalized Gumbel random variable along with Proposition 1, we derive the average BEP of the k-th best link in the following proposition.
Proposition 4:
The average BEP of the k-th best link, P e , can be approximated as
for fixed k and N → ∞.
Proof: Using moment generating function approach, the average BEP of the k-th best link can be expressed as [2] 
where M X ( N −k + 1) represents the MGF associated with the random variable X (N −k + 1) . Using the fact that the sequence
verges uniformly in distribution for large N to a normalized Gumbel random variable, it follows that, from Proposition 1, the sequence
converges uniformly in distribution to the random variable X with CDF as expressed in (13) . Following similar analysis in the proof of the effective throughput, we infer that the MGF of
converges to the MGF of X and therefore P e can be approximated as
for a fixed k and N → ∞.
V. NUMERICAL RESULTS
We consider a multiple-input single-output (MISO) channel with N transmit antennas in Weibull fading. The PDF of the Weibull distribution can be characterized by shape parameter η and scale parameter α [2] . According to [1] , the normalizing constants for Weibull distribution are given byã N = α (ln (N )) Fig. 1 , we plot the average throughput as a function of the We also notice from Fig. 1 that the gap between the asymptotic and simulation results increases as k increases. This is because the asymptotic analysis is more accurate for large N relative to a fixed k.
Consequently, if the value of k is close enough to N , it is expected that the asymptotic expression will be less accurate. For example, the gap between the asymptotic and simulation results for N = 5, and k = 3 is larger compared to the case when N = 5, k = 2 and N = 5, k = 1.
In Fig. 2 , we plot the effective throughput as a function of delay exponent, θ, for N = 5 and N = 50, for η = 2 and α = 3 and different values of k. We observe that for N = 5 the derived asymptotic result is less accurate as θ increases. However, for N = 50 the derived asymptotic results becomes very accurate and the effective throughput does not dramatically change as θ increases and it remains close to the average throughput (θ = 0). This is because employing SD schemes takes advantage of the tail behavior of the fading distribution as the number of antennas increases. This emphasizes that employing SD schemes in the presence of large number of transmit antennas will combat stringent delay QoS requirements. We also observe that the asymptotic expression is less accurate as k gets closer to N as previously observed for the average throughput.
In Fig. 3 , we plot the asymptotic average BEP as a function of the number of transmit antennas, N , for η = 2 and α = 5 and different values of k. We validate the obtained analytical results using Monte Carlo simulations. We observe that the asymptotic expression is accurate even for not so large N .
VI. CONCLUSION
We used extreme value theory to derive the asymptotic distribution of the throughput of the k-th best link over Weibull, Gamma, α − μ and Gamma-Gamma fading channels. Using this result, we derived simple closed-form asymptotic expressions for the average throughput and effective throughput. Furthermore, we analyzed the average BEP and derived closed-form asymptotic expression for it. As a special case, we considered the Weibull fading channel model and used Monte Carlo simulations to confirm the accuracy of the derived asymptotic expressions.
